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Abstract Given n > 2 and a > %7 we obtained an improved upbound of Hausdorff’s

dimension of the fractional Schrédinger operator; that is,

it(—A) 2 1

sup dimgpg {:c €R": lim e f(z) # f(m)} <n+1-— 2(n+1)s
feHS(R™) t—0

for sy <5< 3%
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1 Introduction

1.1 Statement of Theorem 1.1

Suppose that S(R™) is the Schwartz space of all functions f : R® — C such that
feC>®MR") and Illim 2?07 f(x) =0 V multi-indices £,7,
and let H*(R™) be the R > s-Sobolev space of all tempered distributions f € S'(R™) whose
Fourier transforms f obey

ey = ([ (1+16P)°
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If (—A)>f stands for the (0, 00) 5 a-pseudo-differential operator defined by the Fourier trans-
formation acting on f € S'(R™), that is, if

(=) N)(@) = 2*f(x) ¥V z e R",

then

) = e f(@) = o [ e fejag (1)

exists as a distributional solution to the a-Schrédinger equation

(10 + (=A)*)u(z,t) =0 V (z,t) € R" x R; (12)
u(z,0) = f(x) € H*(R™). '
Taking into account the Carleson problem of deciding such a critical regularity number s,
such that
%ir% et f(z) = f(x) ae. x€R™ holds for all fe H*(R") & s> s, (1.3)
we are trying to determine the Hausdorff dimension of the divergence set of the a-Schrodinger
operator (=) that is,

d(s,n,a) = sup dimg {:v € R™ : lim e~ f(z) # f(:v)} , (1.4)
fEH® (R™) =0

thereby discovering the case o > %

Theorem 1.1

MundernEQ&a>l& n

d <n+1- _n
(s,m,0) <n+ 2 % 2m+1)

<s< (1.5)

n
5"
1.2 Relevance of Theorem 1.1

Here, it is appropriate to say more about evaluating d(s, n, «).

In general, we have the following development:

Theorem 1.1 actually recovers Cho-Ko’s [1] a.e.-convergence result

n

f S HS(Rn) and s > m

1 . a
& a> 3 = }i_r)%e‘t(_m flx) = f(x) ae xzeR™

A trivial part of Theorem 1.1 reveals that d(s,n < 2s,a) = 0 whenn > 2 & «a > %

Moreover, when « > %, Theorem 1.1 improves (1.8) under

n cs< n+1
—<s
2(n+1) - 4
as follows:
in [2], Sjogren-Sjolin showed that
1 n 1
d(s,n,a) <n+1-2s as §<s§§ & a>s; (1.6)
in [3] and [4], it was proved that
d(s,n,a) =n—2s asggsgg&azl (1.7)
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when a > 1, Barcel6-Bennett-Carbery et al. [3] showed that

+1-2 1< <z
n — 4S8 as — S —
2 — 4’

3 1

d(s,n,a) < U i1-4s s ﬁ<s§n+ ; (1.8)

2 4 4

n+1 n

-2 <s< —

n—2s as — <35

In particular, we have the following case-by-case treatment:

Case « = 1. Under this setting, Theorem 1.1 coincides with Du-Zhang’s [5, Theorem 2.4],
since (1.1) turns out to be the classical Schédinger operator e 2. (1.3) was first proposed in
[6] by Carleson for this special case, and then intensively studied in [7-17]. Upon combining
the results in [5, 6, 9, 18, 19], we conclude that s. = m Furthermore, in [2], Sjogren-Sjolin
considered d(s,n,1). Note that the Sobolev embedding ensures that d(s,n < 2s,1) = 0, so it
is enough to calculate d(s,n > 2s,1).

Bourgain’s counterexample in [9] and Luca-Rogers’ result in [20] showed that

d(s,n,l):n as SS 2(%—’_1)

The results in Zubrinié [4] and Barcelé-Bennett-Carbery et al. [3] found that

n n
= —_ —< <_'
d(s,n,1) =n—2s as 1 <s< 5
Accordingly,
n n 1
S (s, 1,1) =1 - 2s.
S 117 dEhl) ’

On the one hand, in [5], Du-Zhang proved that

2(n+1)s n n
d 1) < 1- - & n>2
(s,n,1) <n-+ " as 2(n—|—1)<$<4 n >

On the other hand, in [20, 21], Lucd-Rogers obtained that

n 2(n+1)s n < <n—|—1
- as ;
n—1 n-1 e
2 2
7(714_ )s as —n+1§s<ﬁ.
n 8 4

Thus there is still a gap in terms of determining the exact value of d(s,n, 1); see also [5, 20-23]

n -+

d(s,n,1) >
n+1-—

for more information.
Case a € (3,00). Sjolin [13] proved that s, = 5 for n = 1. By the iterative argument
developed in [8], Miao-Yang-Zheng [11] proved that (1.3) holds for

3
5> 3 and n = 2.
Very recently, Cho-Ko [1] proved that (1.3) holds for

n
——— and n > 2.
S>2(n+1) and n >

It seems that the case o« > % shares the same critical index with the case « = 1. So far there

has been no counterexample to verify this problem.
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1226 ACTA MATHEMATICA SCIENTIA Vol.41 Ser.B

Case a € (0, %] It is uncertain that Theorem 1.1 can be extended to the fractional
Schrédinger operator e*(=2)% and 0 < a < %;

the foregoing counterexample, will be the subject of future articles.

an investigation of this extension, coupled with

Throughout the rest of this paper, we always assume that a > %

In Section 2, we verify Theorem 1.1 by Proposition 2.1 and Theorem 2.2, which provides
global L' and local L? estimates for the maximal operator living on a compactly-supported
Borel measure and e*(=2)" f(x). The proof of Theorem 2.2 is given in Section 3 by Theorem
3.1, which gives an L% estimate for eit(fA)af(x), and Corollary 3.2, which gives an L2-
estimate for e* (=) f(x). Thanks to a nontrivial analysis, Section 4 is devoted to presenting
a proof of Theorem 3.1 which essentially relies on Theorems 4.1 and 4.4 which give the broad
1 < k < n+1 linear refined Strichartz estimates in dimension n + 1, and Lemma 4.5 which
provides the narrow L*= estimate for et =2 ().

Notation In what follows, A < B stands for A < CB for a constant C > 0, and A ~ B
means that A < B < A. Furthermore, for a given large number R and small enough 0 < € < 1,
A 5 B stands for A < CR°B for a constant C' > 0, and A ~ B means that A L B 5 A.

2 Theorem 2.2= Theorem 1.1

2.1 Proposition 2.1 and its Proof

In order to determine the Hausdorff dimension of the divergence set of (=) f(z), we
need a law for H*(R™) to be embedded into L'(p) with a lower dimensional Borel measure p
on R™.

Proposition 2.1 For a nonnegative Borel measure p on R™ and 0 < k < n, let

Cu(p) = sup r"u(B"(z,r)) with B™(z,r)={y eR": |y —a| <r},
(z,r)ER™ X (0,00)

and let M"*(B") be the class of all probability measures p with C,; (1) < oo that are supported
in the unit ball B" = B™(0, 1). Suppose that
n

0 < —;

<s< 5
K> Ko > n — 2s;
(N, fyn) € [1,00) x H*(R™) x M"(B");
W(r) = exp(—r?);

it(-a) oy 1 1Y iagti) 7
A @) = e [ o (B e frgpae

(i) If t € R, then

it(—A)~
sup el 2| S VOISl any- (2.1)
1sN<eo L (B"du(z))
(i) If
sup [e"(~4)" ] S VIl e, (2:2)
0<t<1 L1(B7;du(z))

then d(s,n,a) < ko.
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Proof (i) (2.1) is the elementary stopping-time-maximal inequality [3, (4)].
(ii) The argument is split into two steps.
Step 1 We show the following inequality:

S VO N e @ry- (2.3)

L' (B"dp(=))

sup sup
0<t<1 N>1

en

it(—A)"‘f‘

In a similar way as to the verification of [3, Proposition 3.2], we achieve

HA s+ [

1

A f(@)| < A" f(2)| AN

sup AN N

N>1

‘ d iaye

It is not hard to obtain (2.3) if we have the inequalities

sup |27 ] S VC I = (2.4)
0<t<1 L1(B";du(z))
and
* way (O (O 30\
[ s e (v () Fo AN S VDI e (25)
1 |jo<t<1 N N

L' (B (=)

(2.4) follows from the fact that (2.2) implies

sup [} — || sup / S HIE )y (¢) f(6)dg
0<t<1 L1(B™;dp(z)) 0<t<1[J/R" L1 (B™;du(z))
. o ~ \%
= | sup [ (4()5())
0<t<1 LY (B du(x))

V@G (v f0)”
S VO f Nl s @y

He(R™)

To prove (2.5), we utilize
€ —2n
Y (% S 22 2 kXBn(o,sz)(f)
k>0

to calculate

. - v 1 .12)3 9—2nk,, () (-
g ((_N)> (F0) < (T+]-1%)> kEZIO XBr0,2¢8) () () f ()
N2 ~ N2
Hs(Rn) LZ(Rn)
- 272k (14 - |2)%XBn(0,2kN)(')(')f(')
— Nl-i—e Nl—e
k>0 L2(R™)
1
S e I llrese @y - (2.6)
By (2.2) and (2.6), we obtain
N \
o v (§) 070)
su eit(_A)a —_— dN
/1 O<tI:<)1 N2

L1 (B";du(z))
@ Springer
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~ (D) OFO\
< [ v |(VEOTOY Ty

Hs(Rn)
e 1
S /1 V CR(N)W ||fHHs+e(Rn) dN
S VO flae+emn),

thereby reaching (2.5).
Step 2 We now show that

d(s,n,a) < kg YV Ko € [n— 2s,K).
By the definition, we have
N (= A)
u{weB Hlimee f(w)#f(w)}
- n .1 . it(—A)“ . i0(—A)”
—pf{ee B gim tim el @) £ Jim e @) (2.7)

For any

feHR") and 0<ex1

there exists

g € S(R™) such that | f — gl|lgs@mn) <e.

Accordingly, if
we€ M®(B") and k > kg > n — 2s,

then a combination of (2.3) and (2.1) gives that

I {x €B": lim lim eijf,(fA)af(x) - eij?,(*A)af(x)’ > )\}

t—0 N—oo
it(—A)® A
§,u{a:€B": sup sup ejf,( A) (f—g)(a:)‘ >—}
0<t<1l N>1 3

+u{x€B":}im im

1
—0 N—oo

it(— @ i0(— a )\
e g(a) — ey g(:v)‘ > g}

0(—A) A
+u{x € B" : sup ’e]?,( A) (g—f)(:v)’ > —}
N>1 3

<At

sup sup

81— g)
0<t<1 N>1

L' (B"du(=))

i0(—A)"
sup ey (g—f)‘
N>1

SATNVC N = gllars @)
SATYCk(pe. (2.8)

Upon first letting € — 0, and then letting A — oo, we have
W {:v eB”: }in% et f(r) # f(x)} =0

whenever p € M"(B™) with k > ko.

+ 27!

L1 (B™;dp(x))

@ Springer



No.4 D. Li et al: AN UPBOUND OF HAUSDORFF’S DIMENSION 1229

If H” denotes the x-dimensional Hausdorff measure which is of translation invariance and
countable additivity, then Frostman’s lemma is used to derive that
H" {x eB": tlir% MR f () £ f(a:)} =0, k> Ko.
Hence,

d(s,n,a) = sup dimpg {x e R" : lim e =A)" f(2) # f(x)} < Ko.
fEH (R™) =0

2.2 Proof of Theorem 1.1

We begin with a statement of the following key result, whose proof will be presented in
Section 3, due to its nontriviality:

Theorem 2.2 If
n > 2;

0<kw<n

pe M*(B");

R>1;

dpr(z) = R*dp (%);

f e H*(R™);

suppf C A(1) = {€ € R" : [¢[ ~ 1},

then

sup

S BT || f| L2 ). (2.9)
0<t<R

L2(B"(0,R);dur(x))

eit(fA)"‘f‘

Consequently, we have the following assertion:
Corollary 2.3 If

n > 2;
0<k<m;

K n—kK
Comrn T2
pe M*(B");
feH*[R"),

then

sup

sal [e%
oit(—A) f‘
o<1

S llas @ny- (2.10)
L2(Br;du(x))

Proof Employing Theorem 2.2 and its notations, as well as [1] (see [10, 11, 24, 25]), we
get that

sup

sup, < R0 | 2 qany. (2.11)
<t< «

L2(B"(0,R);dpr(z))

eit(—A)af’
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Next, we use parabolic rescaling. More precisely, if

§=R'n;
x = RX;
t = R*“T;

fr(z) = f(Rx);
suppfr C A(R) = {€ € R" : [¢| ~ R},

then
=2 f(z) = / G EHIE fe)ag = [ BT et ) F (R Y () dn
n Rn
- / XTI Fp () dy = T (X)),
and hence
sup eit(—A)af‘ =R3 | sup eiT(_A)afR‘ ?
0<t<R2e L2(B™(0,R);dpg(x)) 0<T<1 L2(B™;du(X))
2
Ilony = [ 1fn(@Paz)” = B fuageey
R5 || sup eiT(fA)"‘fR’ < R—Q(n’:»l)R%”fRHLQ(Rn),
0<T<1

L2(Bdu(X))

Consequently, if T'=t and X = z, then

S Rt £l L2 @), (2.12)
L2(Bn;dp(x))

sup }eit(—A)“fR}
0<t<1

and hence Littlewood-Paley’s decomposition yields that

f="Ffo+>_ fii
k>1
suppfo C A(1);
suppfi C A(2F) = {¢ € R" : [¢] ~ 2F}.
Finally, by Minkowski’s inequality and (2.12), as well as
n—kK

+ ;

s > r
2(n+1) 2

we arrive at

sup |t (-2)" ¢

0<t<1

L2(B"sdu())

<

sup

it(—A)™
oit( >f0‘
0<t<1

+
L2(B™du(z))  k>1

< ollzzny +> (503 | fi | L2y
k>1

k(s +25E—s
S llseny + 2 (G222 fl| oy S 1l e -
k>1

sup
o<t<1

eit(fA)"‘fk‘

L2(B" (=)
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Next we use Corollary 2.3 to prove Theorem 1.1.
Proof An application of the Holder inequality and (2.2) in Corollary 2.3 derives that

S VOISl @y,

LY (Bridu(z))
whence (2.2) follows. Thus, Proposition 2.1 yields that

sup
o<t<1

eit(fA)"‘f‘

d(s,n,a) < kg € [n — 2s,K).

Also, since
S K n n—kK
o1 T2
we have that 5 )
n>k>n+1-— M
n
Choosing
2 1
o —n 1 2ntl)s
n
implies that
2 1
d(s,n,a) <n+1-— M
n

Next, we make the following two-fold analysis:
On the one hand, we ask for

n+1-— >n—2s< s <

2(n+1)s
n

|3

On the other hand, it is natural to request that

2(n+1)s
n

n+1-— <n& s>

2(n+1)

Accordingly,
n

n
2(n+1) 2
is required in the hypothesis of Theorem 1.1. O

<s<

3 Theorem 3.1 = Theorem 2.2

3.1 Theorem 3.1 = Corollary 3.2

We say that a collection of quantities are dyadically constant if all the quantities are in the
same interval of the form (27,271 where j is an integer. The key ingredient of the proof of
Theorem 2.2 is the following, which will be proved in Section 4:

Theorem 3.1 Let

(n,R) € N x [1, 00);
supp f Cc B™;
_2(n+1)
 on—1 "

1

Too» there exist constants

Then, for any 0 < € <

Ce>0and 0<0=4d(e) K e
@ Springer
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such that if

M
(i) Y = |J By is a union of lattice K2-cubes in B"*1(0, R) and each lattice Rz-cube
k=1
intersecting Y contains ~ A\ many K2-cubes in Y, where K = R?;

(i) Heit(—A)afHLp(Bk) is dyadically a constant in k =1,2,..., M;
(iii) 1 < Kk <n+1 and 7 is given by

#{By. : By C B""1(2,r)}

= , 3.1
v B"Jrl(x’,T)CB"Jrl(O,R) rk ( )
' eR" T r>K?
then
‘ eit(—A)af‘ < CEM—%Hy(wl)z(wz) \GTDGETS RGADmTD) +6Hf|\L2(Rn). (3.2)
Lr(Y)
From Theorem 3.1, we can get the following L2-restriction estimate:
Corollary 3.2 Let
(n,R) e Nx [1,00) and suppf C B".
Then, for any € > 0, there exists a constant C, > 0 such that if
(i) X = |J B is a union of lattice unit cubes in B"*1(0, R);
k
(ii) 1 <k <n+1 and v is given by
Y= #{By. : By C B""1(2/,r)} (33)
B" (2’ ,r)CB"T1(0,R) T ’ '
2’ eR" T r>1
then
it(—a) } < O~k REFD e . 3.4
2], < G 1122 (3.4)

Proof Forany 1<\ < Ro(l), we introduce the notation
Z\ = {Bk : B, C X such that any R2-cube contains ~ A unit cubes By in it}.
By pigeonholing, we fix A such that

e A fllraxy S NE“T2 fllzzc U Bo-
BLEZ,

It is easy to see that
A <AR3
by taking r = Rz in (3.3).

Next, we assume that the following inequality holds (we will prove this inequality later):

12 fliag Y By S ATTICTIACTI S ROFI | ] 2 (35)
BLEZ)

Hence, it remains to prove (3.5).

We thereby reach

1 K
< C n+1R2(7l+1) te ny.
Ly S O 11| L2ny

eit(fA)"‘f‘
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First, denote Z = |J Bji. We can sort things into at most O(log R) many subsets of Z
BreZ)y

according to the value of [|e®™(=2)" f||1,(p,). In each subset, the value of ||~ f|| o5, is

dyadically a constant. Among the subsets we can find a set Z' C Z such that
{||eit(*A)af||Lp(Bk) : B, C Z'} are dyadically constants

and
||611€(_A)QJC|\L2 2) 8 < [l fllz2czn

Upon writing
M = #{B: B is unit cube and B C Z'}

and using Holder’s inequality, we have that

Pt (=2)" ‘ < pit(—A) f‘ < A)"‘f‘ |Z’|%_%
L2(z) ™~ L2(2") Lp(Z')
< M AV‘f‘ .
- L (Z")
Thus, in order to prove (3.5), it suffices to prove
‘ it(=A) f‘ o i M_ﬁ/y(n+1)2(n+2))\(7l+1)’,7i71+2)R(n+1)ﬁ(n+2) HfHLQ(Rn), (3'6)

In order to use the result of Theorem 3.1, we need to extend the size of the unit cube to the
K?2-cube according to the following two steps:

Step 1 Let 3 be a dyadic number, let Bg := {B : B C Z’, and for any lattice K2 — cube B>
B such that Heit(’A)afHLp(B) ~ (3}, we set

Bs = {B : the relevant K*-cubes}.

Step 2 Next, fixing 3, letting A\’ be a dyadic number, and denoting

B = {B € Bj : R2-cube Q contains \ many K2-cubes from Bj};

Bsn = {B : the relevant K2-cubes},
we find that the pair {8, \'} satisfies

M' = #Bs\n 2 M.
From the definitions of A and -y, we have
N <\

B:BeBsy,Bc B (a r
o - e #{ 5. @}t ).
Bt (2 r)CB™T1(0,R) rr
z'eR™H r> K2

IfY= |J ,then Theorem 3.1 yields

BEBB’)\/
H . (o3
e115( A) f <
Lr(Z7)

j— 1 12 2 ’ n K

< M~y T e N @I eEs R0 || f | L2 gey
_ 1 2 n K

S Mty TFDEOF) \GFDGFD RGFDGD) || f| L2re),

which is the desired (3.6). O
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3.2 Proof of Theorem 2.2

In this section, we use Corollary 3.2 to prove Theorem 2.2.
We have
suppf C B" = supp ("2 )N ¢ B,

Thus,

3 ¢ e S(R™) and ¢ =1 on B"(0,2) such that (27 )2 = (27 £)2 4y,

If
max y)| = x,t),
e ) = 1)
which decays rapidly, then for any (z,t) € R* 1,
m(l’,t) = (m, mn+1) = (m17 e 7mn7mﬂ+1)

denotes the center of the unit lattice cube containing (z,t), and hence

(127 712 [l ) (2, 1) < (€427 712 59 ) G, 1):

Accordingly,
sup |él
0<t<R 2(B"(0,R);dpr(z))
/ sup |e' H=A)" f(iﬂ)‘ dpr(z)
(0,R) 0<t<R
S () E
1(0,R) 0<t<R
/ sup |elt(7A)af|2 * 1/)1) (m(z,t))dpr(z)
"(0,R) 0<t<R

mezZ"
0<mn4+1<R

- Z <~/|Im<10 dMR($)> . sup (leit(iA)afl2 * ¢1> (m, mn+1).

m=(m1,...,mn)EL"
Imil,|mni1|<R

For each m € Z™, let b(m) be an integer in [0, R] such that
sup (1O f2 b ) (mymng) = (127 F2 ) (m, b(m)).
Mp1€ZL
0<mn41<R

Next, by defining

o = / dun(z) S 1,
|z—m|<10

and using (3.7), we have

sup
0<t<R

et A)f‘

L2(B"(0,R);dpr(z))

S Z Z v - (|61t —A)” f|2 *"/’1) (m,b(m)) + R,

v dyadic meZ"™,|m;|<R
ve[R107 1] Vi~V

By pigeonholing, we get that for any small € > 0,

sup
0<t<R

1t( A)D‘f‘

L2(B™(0,R);dur(z))

@ Springer
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QA

Z v - (|eit(*A)o‘f|2 *1/)1) (m, b(m)) + R8"

meL" |mi|<R

VUm ~U

5 v - / |eit(7A)°‘f|2 + Rf8n
Z ( Brtt((m,b(m)),Re)

mez™ |mi|<R

Vi~V

<uv- / |t (=) f|2 4 R=87, (3.9)
U B t((m,b(m)),R)
meAy
Note that
X, = U B"((m,b(m)), R°)

meZ™:lm;|<R and vy, ~v
is not only a union of some distinct R°-balls, but also a union of some unit balls. Thus, the
projections of these balls onto the (z1,...,2,)-plane are essentially disjoint (a point can be
covered < R times). For every r > R?¢ the definition of {m € Z" : |m;| < R and v,, ~ v}
ensures that the intersection of X, and any r-ball can be contained in < R9"¢y~1r* disjoint

Re- balls. Hence we can apply Corollary 3.2 to X, with
v < RYOMET and 1<k <n+1.

By (3.9), we reach (2.9) via

. «@ = 2
eit(=2)% ¢ <w (7ﬁ3m+f||f||p(w))

L2(B"(0,R);dpr(x))

sup
0<t<R

< vt R f| 2o gy

S R (| £l 72y

4 Conclusion

4.1 Proof of Theorem 3.1 - R <1
In what follows, we always assume that

2(n+1)'

)

n—1
2(n+2)

)

n
suppf C B".

Nevertheless, estimate (3.2) under R < 1 is trivial. In fact, from the assumptions of Theorem
3.1, we see that
M~A~y~R~1.

Furthermore, by the short-time Strichartz estimate (see [26, 27]), we get that

eit(iA)af ) S ||f||L2(Rn) ) (4.1)

<

Lr(Y)

eit(fA)"‘f’

LP([0,1] xR
thereby verifying Theorem 3.1 for R < 1.
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4.2 Proof of Theorem 3.1 - R > 1

First, we decompose the unit ball in the frequency space into disjoint K ~'-cubes 7. Write

S = {TZK_l —cubeSTCIB%"};

f:Zf‘r;

ﬁ' = fXT?
. o 1 . a
B) = : [lett=2) T’ > |eit-2) ’ for a K2 — cube B.
S(B) {7’ €S:|e f o) 2 T00(#S) e f o) or a cube
Then

)

Z eit(fA)"‘fT - ‘

T€S(B) L»(B)

eit(fA)"‘f‘

L»(B)

Second, we recall the definitions of narrow cubes and broad cubes.
We say that a K2-cube B is narrow if there is an n-dimensional subspace V such that for

all 7 € §(B),
1

) < —,
100n K
where G(7) C S™ is a spherical cap of radius ~ K~! given by
G(T)—{*ES"fET ,
|(_2§7 1)|

and Z(G(7),V) denotes the smallest angle between any non-zero vector v € V and v’ € G(7).

Z(G(T),V

Otherwise, we say that the K2-cube B is broad. In other words, a cube being broad means
that the tiles 7 € S(B) are so separated that the norm vectors of the corresponding spherical

caps cannot be in an n-dimensional subspace; more precisely, for any broad B,

I71,...,Tnt1 € S(B) such that |vi Ave Ao Avpp| 2 K"V vy € G(15). (4.2)
Third, with the setting
Yirond = |J B
By is broad
Yaarrow = U Bku

By, is narrow
we will handle Y according to the sizes of Yir0ad and Yyarrow-. Thus,
(1) We call the case broad if Yiroad contains > % many K2-cubes, and we will deal with
the broad case using the multilinear refined Strichartz estimates.
(2) We call the case narrow if Yarrow contains > % many K2-cubes, and we will handle

the narrow case by [?-decoupling, parabolic rescaling and induction on scales.
4.2.1 The broad case

In this case, we consider the same generalized Schrédinger operators as Cho-Ko [1]. The
idea here is to take the case as a close perturbation of the typical curve |£|? in a very small scale
and to keep this perturbation under parabolic scaling. This cannot be true for |£|?* with o > %,
but it is true for its quadratic term. This is the reason for introducing the set N'PF(L, co) and
for applying induction in this set. Let us recall the two definitions in [1].
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Let ®(D) be a multiplier operator defined on R™ which satisfies

(&) is smooth at & # 0;
[DPD(E)] < [P~ & [V ()] 2 [¢[**" ¥ multi-index 3; (4.3)

The Hessian matrix of @ is positive definite.

Let 0 < ¢p < 1 and L € N be sufficiently large. We consider a collection of the normalized
phase functions as follows:

NPF(L,co) = {@ € C5°(B™(0,2)) : H@(g) - g

S Co o -
CL(B™)

Theorem 4.1 (Linear refined Strichartz estimate in dimension n + 1) Suppose that
(i) @ isin NPF(L,cp) for sufficiently small ¢g > 0;
(ii) {Q;}is asequence of the lattice Rz-cubes in B"+1(0, R) with 1€ f|| La(q,) being essentially
constant in j;
(iii) {Q;} is arranged in horizontal slabs of the form R x ... x R x {to, to + Rz }, which contains
~ o cubes Q.
Then
1€ fll Loy @) < CeR 0™ 72 | flla@n) ¥ €>0. (4.4)

Remark 4.2 On the one hand, by taking ®(¢) = [£|?, we can rediscover the results for the
Schrodinger operator by Du-Guth-Li [19] in R?T!) and in higher dimensional cases [5]. Similar
results can also be found in [1], with an extra restriction condition on the support of f.

On the other hand, for ®(¢) = [£[>** with o > %, we can reduce ® satisfying (4.3) to a
function in NPF(L,cp). Denote by H®(&) the Hessian matrix of ®(£) at point &. Since
the Hessian matrix of ® is positive definite, we can write it as H®(&) = P~1DP, with P a
symmetric matrix D = (Aeq,...,A\pe,) and A1 > 0,..., A\, > 0. We introduce a new function

around point &p:

D0 (€) = p~2 (P(pH &+ &o) — (&) — pV (&) - H'E). (4.5)

From Cho-Ko [1], we have ®,¢ € NPF(L,co) for a sufficiently small p = p(®,L,co) > 0.

Moreover,

i 1 i(x,t)- R
| f ()| = @ / w1 (&2 @) f(g)dg
1 i(x,t)- -1 -1 r - n -
PR / e Pt o 00D f(pH 1 + &) p" | H 10“7’
= pn|H|_1(27T)_n / ei(thgg-i-ptHfv‘l’(ﬁo)vp?t)-(n,q’p,&o(n))f(pH—ln_i_go)dn' )

Next, we use
2’ = pH 'z +tV®(&));
t' = p’t;
Focoln) = p? [H| 72 f(oH ™" + &0);
£l z2@ny = 1 fog0ll L2Rm)
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to get that

Heit'@f”iq(s) = L |€itq>f($)|qdilfdt

-},

— 1 i(z’.t)- 7 —
_ || q/S '(%)n/ 1200000 Ty + £)dny
’ RTL

q

1
dxdt

anl
p"|H| G

/ GO gt B(60).0%0- 00020 () (o H—Ly 4 £0)dny

a
p "|H|d2' p~2dt’

Nl=

:pann—zf%|H|—q+1+g/ ! /ei<x',t'>-<n,<1>p,g0<n>>pg|H|—

’ (27T)n
q
x f(pH '+ &)dn| da’dt’
n 9 L 1 . o q
AL Q. _4a i(z! ) ~ ey
=pt i [ [ o P“(””fp,fo(n)dn’ ot
n g q
_ Tq—n—2 H —%—i—l ‘ it'"®, ¢ ]
p | | € fp,f() LQ(S’)
In short, we have
it® o n_ nt2 1_1 it’<1>p,
”6 fHLq(s) =p2 @ |H|s" 2 ‘ e 0 f)e0 s (4.6)

Note that 49
r =0 and |H|~ 1 (since suppf C {¢: [¢| ~ 1}),

n
2
and the change of variables does not change the value of o. Thus, (4.4) is also true for the

generalized phase functions ® satisfying (4.3), which contains ®(¢) = [£[** with @ > 1.

Lemma 4.3 (Bourgain-Demeter’s [?-decoupling inequality [28]) Suppose that § is sup-
ported in a o-neighborhood of an elliptic surface S in R™. If 7 is a rectangle of size oF X ... X

o2 x o inside the o-neighborhood of S, g = gx- and € > 0, then

—€ 2
Hg”LP(R") <Ceo <Z |gT||LP(]R”)>

Next we begin the proof of Theorem 4.1.

2

Proof We prove a linear refined Strichartz estimate in dimension n + 1 by four steps.

First, we consider the wave packet decomposition of f. For any smooth function f : B” — R,
we decompose it into wave packets, and each wave packet is supported in a ball 8 of radius
R™i. Then we divide the physical space B™(0, R) into balls D of radius R3. From [29], we
have that

f = ZfTe,D and fTe,D = (fX@)vXDu

6,D

and we have that the functions fr, , are approximately orthogonal, thereby giving us

1132 @my ~ D100 172 08m)-
9.0

By computation, we have that the restriction of €® f7, , (z) to B"1(0, R) is essentially sup-
ported on a tube Ty p, which is defined as follows:

Typ = {(x,t) (x,t) € B"(0,R) and |z — ¢(D) —tV®(c(h))| < Rit & 0<t< R} .
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Here ¢(0) & ¢(D) denote the centers of 6 and D, respectively. Therefore, by a decoupling

theorem, we have that
1

2

i i 2
1l = (S 1l )
T

where Ty, p = T'. In fact, we take 1o € S(R"!) such that supp 7o C Q* and Q* is a R~ 2-cube.
We have |ng| ~ 1 on Q. By Lemma 4.3, we obtain

3 3
i i i 2 i 2
oo €9 Pl ngoen S (Z ||e@fmumm) < (Z He@fTqu@)) |
T T

Second, we use parabolic rescaling and an induction on radius Rz, Suppose that

{S;}; are R2 x ... x R? x Ri-tubes in T, which are parallel to the long axes of T’;

|€® f7[|La(s,) is essentially dyadically constant in j;

3

these tubes are arranged into R7-slabs running parallel to the short axes of T, which
contains ~ or tubes Sj;

Yr = U S;.

J

Then,

. e —_1_
€ Frll pagygy < CeREor ™ [ frllpaen)- (4.7)

In fact, as in Remark 4.2, we get that

i n_ nt2 1_1 g
Heltq)fHLq(S) =p2 q |H|q 3 elt ‘I’p,iofp7£0 Lq(S’);

Fogo(n) = p% [H|[73 f(pH 1 + &); (4.8)
Il fllLz@ny = || fo.0ll L2 (Rm)-

If
p=RT & &=cD) & S=Yr & §' =Y,

then }N/, as the image of Y7 under the new coordinate, is a union of Ri-cubes inside an R2-cube.

These Ri-cubes are arranged in Ri-horizontal slabs, and
#{R% — cubes : R4 — cubes are arranged in R — horizontal slabs} ~ o,

hence,

it'®, ¢
e r OfP7§0

it® _ -5
155 oy = 1HI7 L)’

By induction, we have that

thereby giving us that, if f = fr,

y PR
et ®oco foo S CRZor " | fpeollL2@n),

La(Y)

. 1 e —ils £ —wrs
1"l o (ygy < CelHIT72 REar " | frll ey S REoz ™ | frll 2y

(thanks to |H| ~ 1), namely that, (4.7) holds.
Third, we shall choose an appropriate Y. For each T, we classify tubes in T in the following
ways:

For each dyadic number A\, we define Sy = {Sj S, CT & ||eitq>fTHLq(S_) ~ )\}.
J
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For any dyadic number 7, we define Sy ,, = {Sj 1S, €8y & #{5,,5; C R —slab} ~ 77}.
We denote
Yroag = U Sy,

Sj€Sx,n

thereby getting that
P = Z (Z eit® f . XYT,A,n) )
A T

For each A, 7, there are O(log R) choices. By pigeonholing, we can choose A, 7 so that

E it®
€ fT : XYT,A,N

T

164 1]l 1,  log RY?

La(Qj)
holds for ~ 1 of all cubes Q; C Y, where Y = [JQ,. In fact, we have #{Q;}; S R
J

n

+1
2 and

#{\, n} <logR. Since log R < RnTH, this inequality holds for ~ 1 of all cubes ); C Y. Here
(A, n) is independent of @;.

First of all, we fix A\,n in the sequel of the proof of the refined Strichartz estimate in
dimension n + 1. Let Y7 ), = Yr for convenience. Note that Yr satisfies the hypotheses for
our inductive estimate, where o = 1. By the definitions of Y7 and or and the direction of T',
we have that Y7 contains < op cubes of @5 in any RZ-horizontal slab. Therefore,

Yrny|s 2yl (4.9)
o

Next, we choose the tubes Y according to the dyadic size of || fr||z2rr). We can restrict

matters to O(log R) choices of this dyadic size, so we can choose a set of T’s with T such that

|l f7llL2(mny is essentially constant
and

Z eit<I>fT XY

TeT

1€ | o,y = holds for & 1 of all cubes Q; C Y. (4.10)

L4(Q;)
Lastly, we choose the cubes (; C Y according to the number of Y7 that contain them.
Denote that

Y’ ={Q;:Q; CY, which obeys (4.10), and each Q; lies in ~ v of the sets {Yr}rer}.
Because (4.10) holds for & 1 cubes and v are dyadic numbers, we can use (4.9) to get
Y= Y] & YrnY | <|YrnY| <Y~ Y
o o
thereby finding that
< 2 4.11
v 5 2 (4.11)

Fourth, we combine all of our ingredients and finish our proof of Theorem 4.1.
By (4.10) and the decoupling, as well as Holder’s inequality, we have that if Q; C Y’, then

q

||€itq)f||Lq(Qj) = Y Z Heitq’fTH;q(Qj)
TeT:Q;CYr

@ Springer



No.4 D. Li et al: AN UPBOUND OF HAUSDORFF’S DIMENSION 1241

By making a sum over @Q; C Y’ and using our inductive hypothesis at scale R%, we obtain
that

65 a5 2% 3 1€ oy S 75 3 (077 q
La(y’) = Z Tl pa(yr)y R Y Z or " | frilLeny

TeT TeT
2 -2 q
=i Y or ol gn)-
TeT

For each @); C Y, since
||eitq’f|\Lq(Qj) is essentially constant in j and |Y'| ~ |V,
we get that
1€ fll Loy = 1€ fll Lagy

thereby utilizing (4.11) and the fact that || fr||12(rn) is essentially constant among all T' € T to
derive that

Heltq’quLq(Y) ~ Helt‘I’fH‘iq(Y,) p v Z op" ”fTH%?(R")
TeT
n_~#2

_2 2 _2 2 "
So T Y 1frllTemny ~ 0" <Z ||fT||L2(Rn)>
TeT TeT
2
<o 1 fllT2@ny -

Taking the g-th root in the last estimation produces

i __1_
||etq>f||Lq(y) é o nt2 HfHL2(]R") and Y = UQ]
J
O
Moreover, Theorem 4.1 can be extended to the following form, which can be verified by
[22] and Theorem 4.1:
Theorem 4.4 (Multilinear refined Strichartz estimate in dimension n 4+ 1.) For 2 <k <

n+1land 1<i<k, let f; : R" — C have frequencies k-transversely supported in B", that is,
(_251'7 1)

k ) N n ) 7

Suppose that Q1, Qa, . . ., Qn are lattice R2-cubes in B"T1(0, R) so that each ||eit(*A)afiHLq(Qj)

N

is essentially dyadically constant in j. If Y = |J @, and € > 0, then
j=1

k 1

H =) g | F

i=1

k
k-1 L
< CREN k2 H HfiHEQ(Rn)'
La(Y) i=1

Next, we prove the broad case of Theorem 3.1.

Proof In the broad case, there are > % many broad K2-cubes B. Denote the collection

of (n + 1)-tuple of transverse caps by I' as follows:

P={7=(m,...,Tn41) : 75 €S & (4.2) holds for any v; € G(7;)}.
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Then, for each B € Yi0ad,

n+1
< KOW < / ¢
P(B) 31;[1 B

In order to exploit the transversality and to make good use of the locally constant property,

. « i < p n_ﬂ
Sit(=2) A > for some 7 = (71,...,7041) €T

J

we break B into small balls as follows:

We cover B = B""!(¢(B), K?) by cubes B = B""!(c(B) + v,2), where v € B"*1(0, K?) N
Z™1. By the locally constant property, we can choose v; € B"T1(0, K?) N Z""! such that
=2 £ || Lo (p) 18 attained in B"+1(¢(B) + vj,2). Writing

— 1 T 2c
vy = (@5,t5) and fr, o, (€) = fr, (el eHtl™)
we deduce that
R (@) = TR (1),

and e~ f_ ()| reaches ||~ || (p) in B"*(c(B),2). Therefore,

o g <xom [

Brtt(c(B),2)

. p
it(—A)*
€ ( ) f‘rj,vj .

B

Now, for each broad B, we find some

7::(7'17"'77-7%‘,»1)Erl & ’D:('Ul,...”l)nJrl)
such that
p n+1 » ﬁ
elt(—A)"f‘ < Ko H / it(_mafq-j,vj
Lr(B i1 \JBrHi(e(B),2)

n+1
< KO /
Bn+1(c(B),2) JI;[l

Since #{7} < K°W and #{0} < KM, we can choose some 7 and @ such that (4.12)
holds for > K~“M broad balls B. Next, we fix 7 and ¢, and let f;, , = f;. Then we further

sort the collection B of remaining broad balls as follows:

A A (4.12)

For a dyadic number A, let

n+1 1
B4 =< B:B € B and for each B we have AT m ~ A
= Lo (Bn+1(c(B).2))
Fixing A, for dyadic numbers 5\11 ,,,,, lniss let BA,iz . consist of all B € B4 for which R3-

,,,,,,,,
cube Q D B contains ~ X cubes from B4 and obeys Heit(_A)afjHLq(Q) ~ljforj=1,2,...,n+1.
Without loss of generality, we may assume that || f||z2®») = 1, and we can also assume

that all of the above dyadic numbers are between R~¢ and R®, where C is a large constant.

Therefore, there exist some dyadic numbers A, /N\ll _____ l,4: such that #B, 5 | > K °M.
B WAL nt1
Fix A, N, .1, and set B, SO = B. Then, by (4.12) and the definition of B4, we have
,,,,, 1
that
RUCTSE ’ A)"‘ o
" f e

h Lr( U Bmtl(c(B),2))
BeB
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n+1 _1
< KOOMF=3 [ TT |2 p|
=t Li( U B (e(B),2))
BeB
. n+1 ) N %
< KOW N wme || T |27 5™ : (4.13)
=t LU Q
Qéo
where Q = {Q : the relevant Rz — cubes Q defining B}. Note that
(#QA 2 (#QA ~ #B > K~ M;
~ K°M
N=#Q>-——.
Thus, by Theorem 4.4, we get
n+1 1 ___n
it(—A)> T M (n+1)(n+2)
1 |y, < w0 (5) T
=t LU Q
Qée
thereby getting, by (4.13), that
) N M\  GFDmED
it(=4) ‘ < KOO p~ e OO [ 22 n
Jee2 1], < . £ llz2geny
< KO(l)M_%H)\WHfHLQ(R")-
Our goal is to prove
’ eit(—A)af‘ < CEM_%H’}/(H+1)2(TL+2) AGFDETY R +6HfHL2(Rn)7
Lr(Y)
so it remains to verify
M*n;w,\m < KO(l)M*%ﬂy(wlinH) ,\<n+1>"<n+2> R(vl+1ﬁvl+2) +E, (4,14)

that is, M < K9(M~2R",
However, the second equivalent inequality of (4.14) follows from definition (3.1) of 7, which
ensures that M < ~yR" and v > K2k, O

4.2.2 The narrow case

In order to prove the narrow case of Theorem 3.1, we have the following lemma, which is
essentially contained in Bourgain-Demeter [28]:

Lemma 4.5 Suppose that

(i) B is a narrow K2-cube in R"*! that takes c(B) as its center;

(ii) S denotes the set of K ~!-cubes which tile B";

(iii) wp is a weight function which is essentially a characteristic function on B; more

precisely, that
- —~10007
. B ~ B T —c(B
supp wp C B(0,K7?) and xp(#) Swp(@) < (1 + | KQ( )|) .

Then,

N
vV e>0.
LT’((.JB)

eit(fA)"‘f‘

< C.K° ‘
v <05 (3

eit(fA)"‘fT‘
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Next, we prove the narrow case of Theorem 3.1.

Proof The main method we use is the parabolic rescaling and induction on the radius.
We prove the narrow case step by step.

First, we consider the wave packet decomposition, which is similar to Theorem 4.1, but
with a different scale. We break the physical ball B"(0, R) into £-cubes D. From [29], we have
that

f= ZfTT,D and fTT,D = (fXT)VXD'
7,D

By computation, we have that e*(=2)" f;.  (whenever restricted to B"+1(0, R)) is essentially
supported on an % X ... X % X R-box, denoted by

T p= {(:C,t) : (z,t) € B"TH(0,R) and |z — ¢(D) — 2tale(r)[**?c(r)| < & 0<t< R} .

R

K

Here ¢(7) and ¢(D) denote the centers of 7 and D, respectively. For a fixed 7, the different tubes

T, p tile B"™1(0, R). Next, we write f = >_ fr, for convenience. Therefore, by a decoupling
T

theorem, for each narrow K2-cube B, we have that
1

4 2 2
< K€ . 4.15
‘ L»(B) "~ <; LT’(wB)> ( )

4
The reason for taking K< in (4.15) is that there is a ﬁ satisfying % < 1 at the end of the

proof.

eit(fA)"‘f‘

eit(fA)"‘fT‘

Second, we perform a dyadic pigeonholing to get our inductive hypothesis for each fr. Note
that

K =R’=R";
R 1—26
Bi=gm =1

K1 =R} = R,

Thus, not only tiling the box T'by KK? x ... x KK? x K?K?-tubes S, but also tiling the box
T by R2 x ...x Rz x KR2-tubes S’ which are running parallel to the long axis of box T', we
utilize the parabolic rescaling to reveal that the box T becomes an R;-cube, and that the tubes
S" and S become lattice Rlé -cubes and K?#-cubes, respectively (See “Seventh”, below, for more
details).

Third, we classify the tubes S and S’ inside each T as follows:

For dyadic numbers 7, 51, let Sz, 3, = {S : 8 C T, each of which has ~ 7 narrow K2 —
cubes in Y arrow, and let Heit(’A)afTHLp(s) ~ 61}.

Fix n, 1, and for dyadic number A1, let Sty 5,3, = {S: S € Sr.p,5,. Then the tube S" O
S contains ~ A; tubes from St 3, }.

For the fixed 1, 51, A1, we sort the boxes T'. For dyadic numbers B2, M1, v1, let By, g, A, 80, M1 91

denote the collection of boxes T, each of which satisfies that

| frll2@ny ~ B2 and #Sr ., 6, 2, ~ M

and

S:S5€eS d ScT,
max PO :S€Stnp and SCT} (4.16)
T,.CT:r>K? rk
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where T} are K7 x ... x Kr x K%r-tubes in T which are parallel to the long axis of T
Fourth, let

Yrmman= U S

SeSTﬂlwﬁL)\l
Then, for Yiarrow, We can write

it(—A)> it(-A)”
e’ (=) [= Eﬁ»ﬁl,h;ﬁz,]\/[h’h( Z e (=4) fr- XYT,n,Lh,M)

TEBy, 81,201,682, M1 ,71
+ OB £l L2 (g

The error term O(R™19°")|| f|| L2(zn) can be neglected.

In particular, on each narrow B, we have

t(A)af_2n>ﬁly)\lqﬁ21Mly’Yl< Z lt( A) fT) (417)

TGBTLBL)\LBzJWL’n
BCYr,5,81,01

Without loss of generality, we assume that
I fllzz@ny = 1;
1 < n < KO(1)7R710n < 61 < KO(l), 1 < /\1 < RO(l);
R—10n < 52 <1,1<M; < RO(1)7K—2n <m < RO(I)'

Therefore, there are only O(log R) significant choices for each dyadic number.
By (4.17), the pigeonholing, and (4.15), we can choose 7, 51, A1, B2, M1, 71 such that

‘ < (log R)°K* ( 3 ‘ . WB)>; (4.18)

€By,51,01.62, M1 7
BCYT,n,Bl)\l
holds for > (log R)~% narrow K2-cubes B
Fifth, we fix n, 81, A1, B2, M1, 1 for the rest of the proof. Let

—A)®

it(— A)D‘f ‘

Yrngoa =Yr and By g, 8,04 = B.

Let Y/ C Yaarrow be a union of narrow K2-cubes B each of which obeys (4.18)
and

#{T:TeB and BCYr}~v for some dyadic number 1<y < KoM,

(4.19)
#{B:BCY’' and B are K? — cubes} > (logR)~"
By our assumption that ||eit(_A)afHLp(Bk) is essentially constant in k = 1,2,..., M, in the
narrow case, we have that
} it(~ A>‘*f‘ S(ogR)™ Y. } it(—2)" ‘ (4.20)
Lr(Y) = LP(B)
For each B C Y’ it follows from (4.18), Holder’s inequality, and (4.19), that
2
1t( A) f‘ (log R)GpKe4p< Z 1t( A)* f ‘ >
Lr(B) TEB:BCYr Lr(ws)
) o |IP
< (log R)PK<'Py5 1 ST : (4.21)
TEB:BCYr Lp(ws)
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By (4.20) and (4.21), we have

1
) o . o |IP v
pit(—A) ‘ < (loe R)% it(—A) ‘
| oy, 5 O 3 s
1
) o p P
< (log R)? log R)P K€'Py, 51 H it(—A)
Stosnl (3 Gosmprrtni S syl
cY’ TeB:BCYr
. « p v
< (lo R13K€4 %ﬂ ‘ it(—A) }
S O VD il
CY'TeB:BCYr
1
) o P ?
< (log R)BK v elt(=2) . 4.22
(log ) > el (122

Sixth, regarding each ||eit(*A)afT||Lp(yT), we apply parabolic rescaling and induction on
the radius. For each K ~!-cube 7 = 77 in B", we write £ = & + K~ € 7, where & = ¢(7). In

a fashion similar to the argument in (4.6), we also consider a collection of the normalized phase

S Co ¢ -
CL(B")

functions

NPF(L,co) = {@ € C§°(B™(0,2)) H@(g) - g

By a similar parabolic rescaling,

we reach
: S RS B S - SRS TRt S -
1€ fr(@)l| o vy = K7 [H| 7557 |05 s0 g(2) | o gy ~ K75 |50 g ()| 1o 39
(4.23)

where
|H| ~1 (since [¢] ~ 1);

supp g C B";
lgllz2®n) = [l f7llL2@®n)-

We also get that Y is the image of Y7 under the new coordinates, and that ®x -1 ¢ is similar
to (4.5).

Seventh, we apply inductive hypothesis (3.2) (replacing (—A)® with ® ) at scale Ry = 2
to ||ei£(_A)ag(5c)HLp(§,) with M1, 71, A1, R1. Under parabolic rescaling, the relation between the
preimage and the image is as follows:

T (%x...x%xR—tube) — T (R, — cube);

S (RYx...x R} x KR} — tube) — & (R% ~ cube) ;
S (KK x...x KK{ x KK} — tube) — S (K} — cube).
More precisely, we have that
#{S:ScT & ScY}~M,
€\ Springer
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and the K?-cubes S are organized into Rlé -cubes S’ such that
#{S:SC S}~

Moreover, Heif(_mag(i)HLp(S) is dyadically a constant in S C Y. By our choice of 1, we have

that L
S:Sc B, r
| CR
B (2 r)CT e
' eR" T r> K7

Hence, by the inductive hypothesis (3.2) (replacing (—A)* with ®) at scale R;, we have that
R >W"<n+z>+f

i - == cEmyien T Ttm
[ Lo g(Z)| Loy S My Ty AT <ﬁ lgllL2®n)-

By (4.23) and ||g[|z2n) = || fr|lL2(mn), We get that

1€ fr(2) || Lo (vr)

Ilfrll L2 rny- (4.24)

PN ==y ==y BN ey = B B 11 CRCOR
— n n n n n
S KM, 71 Ap

K?
Since (4.24) also holds whenever one replaces ® with (—A)%, we get that

€A (@) | Loy

1 — 7 TG \ GO T R e te
— 0T n n n n n
S KM, Y1 Ap

2 Ilfrll L2 rny- (4.25)

By (4.22) and (4.25), we obtain that

. o4 P 2 n
1A fll oy S (log BB v <Z (K—nilMl T D) ) ()
TeB

1
R\ DG T "\ 7
X (ﬁ) Ilfrll 22 mmy

4 1 _ -1 2 w
S K2e vl K "+1M1 n+17fn+1)(n+2))\1(71+1)(71+2)

1
R\ D € g
< (1) (Z ||fT||§2(Rn>>

TeB

2¢4 [V T 1 — o I GTD | DD
€ — T n+1 n n n n
<K _#IB% K™#»+1 M, " A

R\ GG te
X (ﬁ) /12, (4.26)

where the third inequality follows from the assumption that || fr||z2(rn) is essentially constant
in T' € B, and then implies that

v L\ = 3 1\
P < 2, o < (—> 2(Rn).
(TEEBNML - >> <(45) (}TjnanL . >> $(25) " Mlleen

Eighth, we consider the lower bound and the upper bound of

#{(T,B):T€B and BCYrNY'}.
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On the one hand, by the definition of v in (4.19), there is a lower bound
#{(T,B):T€B and BCYrNY'} > (logR)""Mv.
On the other hand, by our choices of M7 and 7, for each T' € B,
#{S:SCYr}~ My
{#{B :BCS and B C Ynarrow} ~ 1)
Thus,
#{(T,B): T eB and BCYrNY'} < (#B)Min.
Therefore, we get
v _ (logR)"Mn
4B~ M

Ninth, we want to obtain the relation between v and ;. By our choices of 1, as in (4.16)

(4.27)

and 7, we get that

#{S:SCYrNT,}

v1+m~  max -#{B: B C SN Yaarrow for any fixed S C Yr}

TTCT:T‘ZK% r
< max #{B:BCY and BCT,} < K~(Kr) KL
T,~CT:7"2K12 re rk
Hence,
Klfr‘rl
<1 (4.28)
!

Tenth, we complete the proof of Theorem 3.1.
On the one hand,
{#{S:SCS’ & S CYr}~A;

#{BBCS & BCYnarrow}NT]'

On the other hand, we can cover S’ by ~ K, finitely overlapping R2-balls, and each R2-ball
contains < A many K?2-cubes in Y.
Thus it follows that

)\1 S _—. 4.29
( )
Inserting (4.27), (4.29) and (4.28) into (4.26) gives that

o AY a (((log R)"Mn
€A fll Loy S K (%

R — *J’_E
" (n+1)2(n+2) K/\ (n+1)(n+2) R (n+1)(n+2) HfH
N _77 2 L2(R™)

1
n+1 1 __1
K~ M, 7

K3€4 v ( +1>2<7+2> 1 : +
n n _ n K €
< o2 (Kﬁ+1) M rFI \Trhm+2 RhrDnT2) ||f||L2(R")
4
,[{36 1 2 n K
< M~y GIDGFD) \TAD T2 RGFDmT2) +€||f||L2(Rn),

~ K2€

4
where the last inequality follows from (4.28). It is not hard to see that % < 1, and by

induction, we conclude the argument for the narrow case. O

@ Springer



No.4 D. Li et al: AN UPBOUND OF HAUSDORFF’S DIMENSION 1249

References
(1] Cho C H, Ko H. A note on maximal estimates of generalized Schrédinger equation. arXiv: 1809. 03246v1
[2] Sjogren P, Sjolin P. Convergence properties for the time-dependent Schrodinger equation. Ann Acad Sci
Fenn Ser A I Math, 1989, 14(1): 13-25
(3] Barcelé J A, Bennett J, Carbery A, Rogers K M. On the dimension of divergence sets of dispersive equations.
Math Ann, 2011, 349(3): 599-622
[4] Zubrini¢ D. Singular sets of Sobolev functions. C R Math Acad Sci Paris, 2002, 334(7): 539-544
[5] Du X M, Zhang R X. Sharp L? estimate of Schrédinger maximal function in higher dimensions. arXiv:
1805. 02775v1
[6] Carleson L. Some analytic problems related to statistical mechanics//Euclidean harmonic analysis (Proc
Sem, Univ Maryland, College Park, Md, 1979). Lecture Notes in Math, 779. Berlin: Springer, 1980: 5-45
[7] Bourgain J. Some new estimates on oscillatory integrals. Essays on Fourier Analysis in Honor of Elias M.
Stein (Princeton, NJ, 1991), Princeton Math Ser, Vol 42. New Jersey: Princeton University Press, 1995:
83-112
[8] Bourgain J. On the Schrédinger maximal function in higher dimension. Proc Steklov Inst Math, 2013,
280(1): 46-60
[9] Bourgain J. A note on the Schrédinger maximal function. J Anal Math, 2016, 130: 393-396
[10] Lee S. On pointwise convergence of the solutions to Schrédinger equations in R2. Int Math Res Not, 2006.
Art ID 32597, 21 pp
[11] Miao C X, Yang J W, Zheng J Q. An improved maximal inequality for 2D fractional order Schrodinger
operators. Studia Math, 2015, 230(2): 121-165
[12] Moyua A, Vargas A, Vega L. Schrodinger maximal function and restriction properties of the Fourier trans-
form. Internat Math Res Notices, 1996 (16): 793-815
[13] Sjolin P. Regularity of solutions to the Schrédinger equation. Duke Math J, 1987, 55(3): 699-715
[14] Sjslin P. Nonlocalization of operators of Schrodinger type. Ann Acad Sci Fenn Math, 2013, 38(1): 141-147
[15] Tao T, Vargas A. A bilinear approach to cone multipliers. II. Applications Geom Funct Anal, 2000, 10(1):
216258
[16] Vega L. E1 Multiplicador de Schrodinger, la Function Maximal y los Operadores de Restriccion(thesis).
Madrid: Departamento de Matematicas, Univ Auténoma de Madrid, 1988
[17] Vega L. Schrodinger equations: pointwise convergence to the initial data. Proc Amer Math Soc, 1988,
102(4): 874-878
[18] Dahlberg B E G, Kenig C E. A note on the almost everywhere behavior of solutions to the Schrodinger
equation//Harmonic analysis (Minneapolis, Minn, 1981). Lecture Notes in Math, 908. Berlin-New York:
Springer, 1982: 205-209
[19] Du X M, Guth L, Li X C. A sharp Schrédinger maximal estimate in R?. Ann of Math, 2017, 186(2):
607-640
[20] Luca R, Rogers K. A note on pointwise convergence for the Schrédinger equation. Math Proc Cambridge
Philos Soc, 2019, 166(2): 209-218
[21] Luca R, Rogers K. Coherence on fractals versus pointwise convergence for the Schrédinger equation. Comm
Math Phys, 2017, 351(1): 341-359
[22] Du X M, Guth L, Li X C, Zhang R X. Pointwise convergence of Schrédinger solutions and multilinear
refined Strichartz estimates. Forum Math Sigma, 2018, 6, el4, 18 pp
[23] Luca R, Rogers K. Average decay for the Fourier transform of measures with applications. J Eur Math Soc,
2019, 21(2): 465-506
[24] Cho C H, Lee S, Vargas A. Problems on pointwise convergence of solutions to the Schrédinger equation. J
Fourier Anal Appl, 2012, 18(5): 972-994
[25] Lee S, Rogers K. The Schrodinger equation along curves and the quantum harmonic oscillator. Adv Math,
2012, 229(3): 1359-1379
[26] Cho Y, Ozawa T, Xia S. Remarks on some dispersive estimates. Commun Pure Appl Anal, 2011, 10(4):
1121-1128
[27] Dinh V D. Strichartz estimates for the fractional Schrédinger and wave equations on compact manifolds
without boundary. J Differential Equations, 2017, 263(12): 8804-8837
[28] Bourgain J, Demeter C. The proof of the I? decoupling conjecture. Ann of Math, 2015, 182(1): 351-389
[29] Tao T. A sharp bilinear restrictions estimate for paraboloids. Geom Funct Anal, 2003, 13(6): 1359-1384

@ Springer



